Chapter 7
Rotation
7.1 Introduction
Throughout our study of physics thus far, we have been focused on
how object move, how forces affect objects, and how to explain
situations using the ideas of energy and momentum. However, there has
been two things lacking in our treatment: what happens when forces are
not concurrent, and why do some objects rotate?
Rotation is a tricky and complicated subject, but we hope here to
break it down to simple, understandable, pieces. Nevertheless, this
chapter contains a great deal of information, equations, ideas, and
applications so in order to fully understand rotation, it is best to
take it slowly, and be sure you understand one concept fully before
moving on to the next.

7.2 The Rotational Variables
In order to do anything with rotation, we will first need to
become accustomed to the rotational variables. Fortunately for us,
the rotational variables are exactly the same as the circular
variables that we have dealt with in the past. The only difference is
that when we say an object is rotating, we mean it is spinning around
a point within the object. When we say an object is moving in
circular motion, we mean it is moving in a circle around a point
outside it’s center.
The variables that we need to consider when discussing rotation
are:
C
C
C

Angular Displacement (Δθ) - or the angle through which an
object has rotated, measured in radians
Angular Velocity (ω = Δθ/Δt) - which is the time rate of
change of the angular position
Angular Acceleration (α = Δω/Δt) - which is the time rate of
change of the angular velocity

As we have said, these variables were studied in a previous chapter,
so we probably don’t need to spend much time on them. However, a few
notes are probably worth mentioning. First, it is important that you
remember that it is best to work in radians when using these concepts.
Although it is possible, and not even improper, to use some other
angular measure for these concepts (for example, we could use
revolutions per minute for angular velocity), it is better to use
radians all the time, simply because it will make the math easier.
A secondary reminder is that when an object rotates, every point
on the object has the same angular variable value (for example, on a
rotating planet, every point has the same angular displacement,
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angular velocity, and angular acceleration.) If you are standing on a
merry-go-round, at the edge, and a friend is near the center, you both
cover the same angle in the same amount of time and thus have the same
angular velocity. However, you do not have the same speeds. When an
object rotates, every point on that object has a tangential velocity
(often called linear velocity) that is based on the radius. This
topic was also covered in a previous section, but as a reminder, the
linear (tangential) variables are:
C
C
C

arc length or distance (d) - the distance in meters
something travels around the circle in a certain amount of
time
tangential velocity (vt) - the speed in meters per second
that an object is moving around the circle
tangential acceleration (at) - the rate at which the
tangential velocity is changing, or how quickly the point on
the object is speeding up or slowing down around the circle.

These variables, the angular variables and the tangential variables,
are related by the radius, as long as you are using radians as your
angular measure.
d = (Δθ)r
vt = ωr
at = αr
Remember, the angular variables involve angles in the units, and the
tangential variables will involve distances. For example, if someone
says an object is rotating at 3 rad/s, you know that is an angular
velocity, whereas if someone says it is spinning at 3 m/s, then you
know that is a tangential velocity and it refers to only one point on
the object.
We also learned previously that all of our equations of motion
can apply to angular motion, provided that the motion has, at most,
constant acceleration. The equations were:
ωf = ωi + αt
Δθ = ωit + (½)αt2
ωf2 = ωi2 + 2αΔθ
Another idea, discussed in the previous section, is that we can
combine angular and linear motion of objects that are connected. For
example, imagine that you are at an old-fashioned water well, where
you had to turn a handle, that would lower a rope around a bar, which
would lower a bucket. The bucket would have a standard velocity as it
was lowered, and that would be the same as the tangential velocity of
a point on the edge of the rod. From that you could find the angular
velocity of the rod, which would be the same as that of the handle.
All of these thing are interconnected. This idea is especially
important when discussing gears, and how a system of gears operate.
Before we move on from this basic, introductory section, let us
address the question of the vector nature of the angular variables.
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It should first be said that in most first year physics courses, the
angular variables can be treated as scalars (with positive for
counterclockwise and negative for clockwise). Dealing with them as
vectors is a bit tricky and usually unnecessary in a first year
course. However, angular velocity and angular acceleration are
vectors (angular displacement is not, for a technical reason). Since
they are vectors, the question arises as to what direction they point.
Since they are circular variables, and refer to the rotation of an
object, the direction is not obvious. The rule is that they will
always point perpendicular to the plane of rotation, in a direction
that is given by the right hand rule.
Consider an object that is in the plane of this page, and
following the rotational path shown below.

If the object rotates clockwise, then what would be the direction of
the angular velocity? We have said that it must be in a direction
perpendicular to the plane of the motion. That leaves us with two
different options: up out of the page, or down into the page. We
choose between these two by using the right hand rule. Take your
right hand and curl your fingers into a half circle, with your thumb
pointing out. Now place your hand on the motion, so your fingers
point along the rotational path in the direction of the motion. Your
thumb gives the answer. For clockwise motion of the object above, the
answer would be into the page, and for counterclockwise motion the
answer would be out of the page. This technique is tricky, but once
you get the idea, it is really easy to determine the direction of an
angular vector.
Now that we have completed this basic, review of rotation, let us
try a few problems.
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Practice Problems
Example 7.2.1
A disk with a radius of 25 cm starts rotating from rest with an angular acceleration of 2.5
rad/s2 for 22 seconds before leveling off at a constant angular velocity. At the end of 22
seconds, what was the
a.)
b.)
c.)
d.)
e.)

Angular displacement of a point 10 cm from the center?
Distance traveled by a point 10 cm from the center?
Angular velocity of a point 10 cm from the center?
Tangential velocity of a point 10 cm from the center?
Which answers would change for a point 15 cm from the center?

Example 7.2.2
A bucket is tied to a rope, which is then wound around a wooden barrel with a handle (as
shown below) to get water from a well. The bucket is accidentally knocked in the well and
after a short time reaches a terminal velocity of 3 m/s due to friction and other
considerations. At that point, what is the tangential velocity of a point at the edge of the
handle?
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Example 7.2.3
A set of gears is shown below. If the handle of the first gear is turned at 1.5 m/s, what is
the angular velocity of the third gear? Note, the gears are represented as circles, but they
do have small teeth so they do not slip.
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Example 7.2.4
Shown below is set of gears and pedals on a bicycle. Consider a bicycle ride that lasted
10 minutes and covered 2 km. a.) If the back gear had a radius of 4 cm, how fast would
you have to pedal (angular velocity), and how many times would you have to pedal to
finish the ride? b.) If the back gear had a radius of 7 cm, how fast (angular velocity) would
you have to pedal and how many time would you have to pedal to finish the ride?

7.3 Moment of Inertia
In order to do more with rotational objects than just simple
motion problems, we need to understand how force and energy relate to
rotating objects. However, before we can relate energy and forces to
rotation, we have one more concept to introduce and explain in detail:
the moment of inertia of an object.
The moment of inertia of an object (sometimes called the
rotational inertia or rotational mass) is a measure of an objects
resistance to a change in state of rotation. In other words, it is
how hard it is to turn (or rotate) an object. Although this is not
precisely correct, let us first use this simpler definition to gain
our basic understanding. The moment of inertia of an object is how
hard is to spin that object in a certain way. Think about a bicycle
wheel versus a full car tire. Assuming that they are both fixed on a
low friction axle that has them suspended in the air, it would take
more energy and effort to get the car tire spinning than it would to
get the bicycle tire spinning. Thus the car tire has a greater moment
of inertia.
Notice how close this concept is to the concept of regular
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(inertial) mass. The mass of an object tells you how hard it is to
get something moving. The more mass, the more force that is necessary
to accelerate the object. The same is true for moment of inertia the higher the moment of inertia, the harder it is to get the object
spinning. Thus the moment of inertia is the “rotational mass” of an
object. Just as every object has its own mass, every different object
will have a different moment of inertia. However, every object only
has one mass, while a single object might have many different moments
of inertia depending on how you try to rotate something.
For example, think about a brick. It is harder to rotate the
brick about an axis through the face (labeled A on the diagram below)
than it is to rotate it about an axis through the side (labeled B).

Thus we would say that it has a higher moment of inertia around
axis A than around axis B. Consider another example, two cylinders,
one hollow and one solid. Which would have the greater moment of
inertia about the indicated axis (imagine that both have the same mass
and radius)?

The hollow cylinder has a greater moment of inertia, because the mass
is distributed further out from the axis. Objects whose mass is
further out tend to be harder to rotate.
When trying to understand the concept of the moment of inertia,
always remember its parallel to mass. The moment of inertia is a
measure of how hard it is to rotate an object. The following facts
should also be kept in mind.
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Notes Concerning Moment of Inertia
1.)
2.)
3.)

4.)
5.)

The moment of inertia is axis dependent. That is, it will
be different for different axes through the same object.
The units for moment of inertia are kg.m2.
The moment of inertia for an object around a particular axis
takes into account:
a.) The mass of the object.
b.) The shape of the object.
c.) Most importantly, the distribution of mass around the
given axis.
The moment of inertia is not affected by length of an object
in the direction of the axis (except as this might affect
mass).
Moment of inertia measures and objects resistance to a
change in rotation, not to rotation itself.

When we say the moment of inertia take the distribution of mass
into account, we mean that having more mass in one direction, or
having mass far away from the axis will affect the moment of inertia.
In fact, common sense will tell you (or experience) that it is harder
to rotate an object with mass concentrated far away from the pivot
(consider trying to rotate a barbell with the weights on the end
versus one with the weights close in).
The fourth point above is rather cryptic and requires some
explanation. What it means is that mass distribution along the axis
is not a factor for the moment of inertia. An example will best
explain this. Consider two solid cylinders, with the same mass, the
same radius but different lengths (note how this would require
different densities). The moments of inertia for the two would be the
same. Length is not a factor. However, two cylinders of the same
material with different lengths would not have the same moments since
their masses would be different.
The fifth note is one that was alluded to in an earlier paragraph
- if you recall, at the beginning of this section, we stated that the
definition of the moment of inertia was “how hard it is to spin
something.” It was also stated that this definition was not
completely accurate and this is the reason why. The moment of inertia
tells you how hard it is to change the rotation of an object, or to
angularly accelerate it. It takes no effort to keep an object
spinning, just as it takes no effort to keep an object moving.
Inertia has to do with the angular acceleration of an object, not the
angular velocity.
A few final words about the moment of inertia. First, remember
that it is a measure of how hard it is to change the state of the
objects rotation. Therefore, it not only measures how hard it is to
rotate something, but also how hard it is to get something to stop
rotating. Secondly, when comparing objects like we did with the two
cylinders, it is important that only one factor is different. The
comparison above is only valid if the two have the same mass and
radius. In that instance we were comparing their distributions of
mass. Thirdly, always recall that the moment will change depending on
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which axis your consider.
In the first year of physics, it is common to use a number of
moments of inertia in problems. Since there are certain shapes that
are very common, it is helpful to have a list of those moments handy
to use in problems.

The first thing to notice about these equations is that the end result
is measured in units of kg.m2, which are used to measure the moment of
inertia. A second glace over the formulae shows exactly what we have
just been talking about - how the more mass distributed away from the
axis leads to a higher moment of inertia (notice how the thin hoop has
double the moment of the solid disk, if it has the same mass and
radius).
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Example 7.3.1
Find the moment of inertia of a basketball (mass = 0.624 kg, radius = 12 cm) along an axis
through the center, and a can of chicken noodle soup (mass = 1 kg, radius = 3 cm) along
an axis though the center of the lid (from top lid to bottom).

While the above formulae work fine for these “regular” solid objects,
it is possible to have a moment of inertia for an irregular object.
To calculate it, we would need to use Calculus and integrate over the
entire mass of the object. While we will not do that in this text,
the formula to use would be:
I = Ir2dm
Where r is the distance from the axis to the segment of mass, dm.
Another interesting point about moment of inertia is that an
object can have a moment of inertia about an axis that is not even on
the object. For example, the earth has a moment of inertia for it’s
rotation around the sun. In this case, just as in the case for
rotation around an axis in the body, it measures how difficult it is
to rotate the object. The equation above can be simplified in the
case of an object that is very small compared to the radius in
question. Thus, for a point mass, the formula would become:
I = mr2 (a point mass)
While we never actually encounter “point masses,” the formula above
can be used any time we have an object that is very small compared to
the radius in question.
Example 7.3.2
Find the moment of inertia of the earth as it rotates around the sun.
Before we move on from moment of inertia, there is one other related
idea that is very important: the parallel axis theorem. Imagine that
you had a sphere, mass of 2 kg, and radius of 15 cm. If you were
asked to find the moment of inertia about an axis through a diameter,
it would be very easy to do (you simply look it up on the chart).
However, what if it was rotating about an axis tangent to the surface
as in the diagram below?
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If you encountered this problem, you would need to go back to the
original formula and recalculate the moment of inertia, since this
particular situation is not in the chart. However, there is a short
cut, called the parallel axis theorem. It states that if you know the
moment of inertia about any axis that passes through the center of
mass, you can find the moment around any other parallel axis by using:
Inew = Iold +Mh2
Where h is the (perpendicular) distance between the two axes.
a very useful formula.

This is

Example 7.3.3
If the solid sphere below has a mass of 3 kg, and a radius of 15 cm, what is the moment of
inertia around each of the four axes listed below?
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One other aspect of moments or inertia is that they are additive.
Meaning that if an object is made up of two objects attached together,
the overall moment of inertia of the object is the sum of the objects
that make it up.
Example 7.3.4
Consider an empty can as being make up of two thin disks each on the end of a hoop. If
the mass of each lid is 35 g, and the mass of the hoop is 300 g, what is the overall
moment of inertia of a can (radius = 5 cm) along an axis through the center of each lid that
runs the length of the can?

Practice Problems
Example 7.3.5
Which is harder to rotate on an axis though its center (a diameter): a solid sphere of
radius 10 cm and mass of 2 kg, or a hollow sphere of radius 6 cm and mass of 2 kg?

Example 7.3.6
What is the moment of inertia of the three inner planets (Mercury, Venus, Earth) when
taken together as one object around an axis though the center of the sun?

Example 7.3.7
Suppose you had a solid cylinder with a mass of 4 kg that is 75 cm long. If the moment of
inertial around axis 1 shown below is 2.3 kg.m2, what is the moment of inertia around axis
2, which passes through the center of mass?
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Example 7.3.8
The object below is made up of a solid cylinder (1.3 kg, length = 50 cm, diameter = 5 cm)
and a ball (.5 kg, radius = 10 cm). Given that the formula for the moment of inertia of a
solid cylinder through a central diameter is I = (1/4)MR2 + (1/12)ML2, find the moment of
inertia of the construct about the two axes given. Note: the cylinder is attached to the edge
of the ball, it does not go into the sphere at all (the length given is the distance showing in
the diagram).

7.4 - Rotational Kinetic Energy
In our previous discussion of the conservation of energy, we had
to leave out one very important aspect due to insufficient knowledge
at the time of the discussion. That aspect was the energy of a
rotating object. When an object is in rotation, it possesses a
certain amount of extra kinetic energy due to its rotation. This
energy is above and beyond the usual kinetic energy due to the objects
linear motion (T=(½)mv2) and needs to be included when we apply the
conservation of energy. The reason we ignored this energy before was
because the formula involves the objects moment of inertia. The
kinetic energy of a rotating object is given by:
Tr=(½)Iω2.
Notice the similarity to the formula for the objects linear
kinetic energy. To avoid further confusion, the linear, or
translational, kinetic energy will be written as Tt and the rotational
kinetic energy will be written as Tr. This new factor would be
incorporated into our conservation of energy equation as:
Ti = Tf + ΔU + ΔH + ΔEd
or
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Tti + Tri = Ttf + Trf + ΔU + ΔH + ΔEd
where the Ti was replaced by the initial translational kinetic energy
and the initial rotational kinetic energy (likewise for the final).
Using this can make many problems much easier, since there is often a
relation between the linear (tangential) velocity (vt) of an object
and its rotational velocity (ω), you will remember that the two are
related by:
vt = ωr (as long as there is no slipping)
Consider the example below:

Example 7.4.1
What is the total kinetic energy of a 1500 kg car traveling down the road at 25 m/s?
Assume the tires are disks, and have a mass of 28 kg, and a radius of 32 cm. What
percent of that total energy is rotational?

Example 7.4.2
Using energy, determine the final speed of a solid ball of mass 2 kg and radius of 20 cm,
released on the top of a 1 m long, 300 incline (assume it rolls without slipping).
As a further example of how this is useful, we will redo a
problem that we have done twice already, this time adding a larger
dose of realism.
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Example 7.4.3
Write an equation for the speed of block m2 after it has fallen a distance h, this time taking
into account the mass and radius of the pulley.

By analyzing this equation, we can gain much greater realistic
insight into how this system operates. We should also revisit another
problem from our past which first appeared in the assignment on
energy. Although it was impossible for you to correctly answer part
e.) previously, it should be easy to do so now.
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Example 7.4.4
Consider the following set-up: a 5 kg block is connected to a string and the other end of
the string is wrapped around a flywheel (a cylinder on a free spinning axis with a radius of
0.1 m). The block and flywheel are then placed on an incline plane with the flywheel fixed
in place as shown below. After the block is released, it slowly accelerates down the plane
and when it reaches the bottom, the string comes off the flywheel, leaving it spinning at
some angular velocity. The block reaches the bottom with a speed of 1.2 m/sec.
a.)
What is the amount of energy given to the spinning wheel by the block?
b.)
What was the acceleration of the block down the plane?
c.)
What was the angular acceleration of the flywheel?
d.)
What was the flywheels angular velocity at the end of the run?
e.)
What is the mass of the disk?

Practice Problems

Example 7.4.5
What is the kinetic energy of rotation of the earth as it spins on it’s axis?
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Example 7.4.6
A bar-bell, as shown below, is constructed of a 4 kg rod (length = 2 m, diameter = 4 cm)
with metal discs (mass = 10 kg, thickness = 3 cm, diameter = 20 cm)attached to each end.
How much energy would it take to get the setup spinning at 1 rev/sec about each of the
axes listed below? Note: refer to example 7.3.8 for the formula of the moment of inertia of
a thin rod.

Example 7.4.7
A spinning flywheel (treat it as a disc, rotating around its central axis) with a mass of 250
kg and a radius of 0.75 m) is used to power a 1000 kg experimental car. The car uses an
average power of 4 kW when it is traveling at 10 m/s. If the flywheel is “charged” bringing
it up to 500 rad/s, how many minutes can the car travel at 10 m/s? Assume the wheels of
the car have a radius of 13 cm, and a mass of 3 kg.
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Example 7.4.8
When bullets are fired from a rifle, they are given spin about a central axis in order to keep
them more stable in flight. This generally results in longer, more accurate shots due to the
stability and the decreased air resistance (and a few other factors like lift). However, a
spinning bullet should actually travel less distance than one that doesn’t spin. Consider a
gun with the following characteristics:
Energy of explosion that propels the bullet: 20,000 J
Efficiency of transfer of energy to the bullet: 75% (65% to translational. 10% to rotational)
Mass of bullet: 200 g
Height of rifle off the ground: 1.8 m
Shape of bullet: assume cylinder for simplicity (L = 5 cm, r = 0.4 cm)
How much further (in meters and in %) should a non-spinning bullet go in a vacuum?

Example 7.4.9
A disc (r = 10 cm, mass = 3 kg) is attached by a string to a 6 kg mass, as shown below.
Assuming there is no slipping, what is the speed of the mass after it has fallen 2 m? (The
disc is free to rotate about a central axis).
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Example 7.4.10
A ball (mass = 1 kg, radius = 8 cm) and a solid cylinder (mass = 1 kg, radius = 8 cm,
length = 12 cm) are both launched at 6 m/s up a very long ramp that is angled at 30
degrees to the horizontal. How far up the ramp (length, not vertical distance) does each
object travel before coming to a stop, assuming no slipping.

7.5 - Torques and Rotational Equilibrium
An astute student will notice a pattern in our investigations. A
few chapters back, we introduced angular acceleration, which is just
like regular acceleration except that it refers to rotation instead of
straight line motion (we also introduced angular velocity as well).
In this chapter, we introduced moment of inertia, or angular mass.
Angular mass is exactly the same as regular mass, but it refers to an
objects tendency to keep in rotation, rather than in straight line
motion. Our next step, since we already have angular acceleration and
angular mass, would be to introduce angular forces. Angular forces
would be just like regular forces, but they would have to be some new
concept that causes things to rotate (or, more precisely, to change
their rotation). This new idea is called a Torque. Torques are
“angular forces” that determine rotation.
There is also another reason why we need torques in order to
predict the outcome of a situation involving forces. Consider the
situation of two people pushing a desk. Imagine that they both push
with the same amount of force on different sides of the desk. In
figure B below, they push exactly opposite to one another. In figure
A, they push at opposite ends.

The two situations will lead to two very different results in regard
to the behavior of the desk. If they push with equal forces, the
center of the desk will not move in either case, thus we could say
that the desk is in Translational Equilibrium. But in the first case,
the desk will rotate. We need some way to determine if, in a given
situation, an object will rotate. The example above shows that forces
are not sufficient, so we need another idea: Torques.
This is the reason that we made a very specific assumption (or
approximation) in our previous chapters. We had said that we would
assume in all of our force problems that the forces were concurrent,
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meaning that they were all acting at the same place on the object at
the same time. Recall that we always drew our forces from the center
of the object regardless of where they occurred. We did this so that
we could learn how forces worked, without complicating things by
adding the idea of torques at the same time. It is now time to
disregard our previous simplifications and start drawing forces where
they actually act on objects.
In order to calculate torques, we must first define them. We
will begin with a simplified definition and then add to it later in
this chapter.
A Torque (abbreviated with the capital Greek letter T)is a
rotational force that is calculated by multiplying the magnitude
of the force times the perpendicular distance from the force to
the pivot point (called the “torque arm”).
Mathematically,
T = FCdz
In order to understand this better, we need to define two other terms,
pivot point and torque arm.
A pivot point is an imaginary center of rotation for the object
being considered. Notice that it is imaginary and thus strictly
conceptual, meaning it has no physical reality. For example, in the
example above with the desks, the obvious position for a pivot point
would be in the center of the desk. However, since a pivot point is
an abstraction (you are creating it to help do the math), you could
choose a pivot point on the bottom left corner of the desk. The
problem would still work out correctly, but the math would become
incredibly complicated. Pivot points are like coordinate systems in
all of our previous force problems. You were free to place a
coordinate system anywhere you wanted to, but some choices were wiser
than others. Some choices made the problem easier, and some made it
more difficult. Pivot points are the same way. As you learn to do
torque problems, you will learn how to choose the pivot for each
situation. Just like a coordinate system in a force problem, your
first step in any torque problem is to choose a pivot point. In fact,
without a pivot point, torques do not exist!
The torque arm is actually defined in the definition of torque
above: it is the perpendicular distance from the pivot point to the
force causing the torque. We will discuss it in detail over the next
few pages, but the best way to learn about it is to simply dive in to
the example problems.

LetsLearnPhysics

-

Chapter 7 -

Page 20

Example 7.5.1
Calculate all the torques around pivot point A on the diagram below

This example shows us three things about torques. First the units of
torque are Newton-meters (N.m), but interestingly enough, not the same
Newton-meters you have seen before. We will leave that very cryptic
quote unexplained for now, but it is worth giving some consideration
to in your spare time.
Secondly, it shows us that in many cases, the torque arm is very
simple and straightforward to calculate.
Thirdly, it shows us that torques have a direction since they are
vector quantities. In the example above, the two torques are working
against each other, thus they should have opposite signs. For now
(and for the vast majority of torque problems in a first year physics
course) we can simply label a torque as positive or negative
(counterclockwise or clockwise). In that case, the torque caused by
force 1 is a positive torque, since it would cause the object to
rotate counterclockwise. The torque caused by force 2 is considered a
negative torque, since it would cause clockwise motion. The choice
is, or course, arbitrary, and we could have labeled them in reverse if
we had wanted to do so. An astute student might be asking at this
point, “How can a vector have a direction of clockwise?” and they
would be correct, a vector needs a specific direction, not a term like
clockwise. In reality, torque vectors point perpendicular to the
plane created by the force and the torque arm. In the case of force
1, the torque vector actually points out of the page. Although we
will address this in detail later, it is useful to point out that this
idea is not really necessary for in order to complete most first year
physics torque problems. Simply using the ideas of plus and minus
(counterclockwise and clockwise) is sufficient.
Before we do any further examples, we should return to the
concept of perpendicular distance versus regular distance. The
perpendicular distance from the pivot to a force is not always the
distance given. We find the perpendicular distance in the following
manner: First, a line is drawn in the direction of the force,
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extending both in front of and behind the force. Second, a
perpendicular is drawn from the pivot to this line. This
perpendicular is the perpendicular distance. Two examples are shown
below. In each case the force is labeled F, the pivot P and the
perpendicular distance labeled d.

Thus we see that the perpendicular distance will always be either
equal to or less than the straight line distance from the force point
to the pivot. With this concept in mind, let us do the next two
sample problems.

Example 7.5.2
If a bar is pushed as shown, what is the torque around pivot point A caused by the force
F?
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Example 7.5.3
What is the torque around pivot point A caused by force F?

This last example shows us that forces that pass through the
pivot point produce no torque around that pivot. Notice how the force
is not exactly on the pivot, but is simply pointed towards the pivot
(a similar situation would arise if the force pointed away from the
pivot).

Example 7.5.4
Below is a diagram of a metal bar attached to a wall. Evaluate the sum of the torques on
the bar around a pivot point located where the bar meets the wall. The bar is 1.0 m long, 3
N, and has a center of mass 40 cm from the wall. It is being pushed up with a force of 6 N.

In the example above, you had to take into account the weight of the
bar itself, something that was ignored in problems in the past because
we couldn't deal with it at the time. Notice (although it should go
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without saying) that the weight of the bar is acting at its center of
mass. Thus, the weight of an object will create a torque around any
pivot point that is not located at the center of mass. This is an
important concept.

Example 7.5.5
Below is an object acted on by multiple forces. Find the sum of the torques on the object.

Calculating torques requires that you know the force applied and
that you solve for the perpendicular distance. There is, however,
another way to determine the torques, which is equivalent, but perhaps
a little more understandable (or perhaps not, it depends on which way
you see things). Besides a torque being equal to:
Τ=Fdz
we can also use:
Τ=Fz d
which says that the torque is equal to the perpendicular force times
the distance. Consider the situation below. Instead of calculating
the perpendicular distance we can break the force up into two
components, one headed straight towards the pivot and one
perpendicular to a line from the pivot to the force. The first
component, F2 (for force parallel) does not contribute to the torque
around A. The second component, Fp (for force perpendicular) supplies
the only torque around A and its perpendicular distance is simply d.
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In short, we break the force into parallel and perpendicular
components and then throw out the parallel part since it does not
contribute. In reality this is the same process as the perpendicular
distance process.

Example 7.5.6
Redo the last problem using the method of perpendicular forces.
The True Nature of Torques
The reason the two methods are equivalent is due to the fact that
neither one is the true method for determining torques. Torques are
calculated by using vector multiplication. In reality, a torque is
defined by:
Τ=rxF
where Τ is the torque vector, r is the distance vector running from
the pivot point to the point of action for the force and F is the
force vector. x stands for one type of vector multiplication called
the cross product.
The vector cross product is defined as a method of multiplying
vectors that yields a new vector as the product of two vectors. The
magnitude of the new vector is given by a mathematical equation and
the direction of the new vector is given by the Right Hand Rule (to be
explained shortly). To
understand this, consider two
vectors as shown below, lying
in plane XY. The angle
marked θ is the angle between
the two vectors (in the case
of the force and the
distance, you must move the
force vector - remember we
can do that - so that it
shares an origin with the
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distance vector).
If we have the case where:
AxB=C
then the new vector, C will have a magnitude given by:
*C*=*A**B*sinθ.
All that remains is to determine the direction of the new vector. It
turns out that the cross product produces a new vector that is
perpendicular to both the original vectors, in other words
perpendicular to the plane that contains them. The direction is given
by the right hand rule, which has many variations. Below are two
equivalent statements of the right hand rule:
The Right Hand Rule
1.) To determine the direction of the cross product, imagine
turning a regular screw with a screwdriver in the direction from
the first vector to the second (from A to B). The product is in
the direction the screw would naturally move.
2.) To determine the direction of the cross product, lay your
pinky of your right hand along the first vector in the product
(in this case A) in such a manner that you other fingers can curl
towards the second vector (B). The direction of the product is
the direction your thumb is pointing.
Although these rules seem hard to understand, you should try to
familiarize yourself with them so that you can use them. Both rules
give the result shown below for the new vector C. Both rules also
show you that AxB…BxA (why?).

One thing to notice about the cross product is that it is a way
to multiply two vectors together such that it returns to you an answer
indicative of how perpendicular the two vectors are. For example, if
the two vectors are exactly perpendicular, it returns the maximum
value of *A**B* or simply the length of A time the length of B. If the
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two vectors are parallel, it returns a zero (if they are neither, it
returns to you a fraction of the value of *A**B* depending on how
perpendicular they are). This is an important fact to remember about
the cross product since the other form of vector multiplication (dot
product) does just the opposite.
Now that you know how the cross product works, you will not need
to necessarily use it in this section. All of the torque problems can
be done by using our simplified method involving either the
perpendicular force or distance. However, the cross product will
return to haunt you in a later chapter.
Rotational Equilibrium
In previous chapters, we have discussed the concept of
equilibrium and forces and we stated that the condition for
equilibrium was ΣF=0. You may remember, that we stated that this was
only the first condition for equilibrium. The sum of the forces
equaling zero only guarantees that the center of mass of an object is
not moving linearly. It is possible to have the sum of the forces
equaling zero while the object rotates (or even angularly
accelerates). Thus, we need a second condition for equilibrium; ΣΤ=0.
This second condition for equilibrium, the sum of the torques equaling
zero, insures us that the object is in rotational equilibrium. That
is, the object is either at rest or rotating at a constant angular
velocity (ω). In other words, the object is not angularly
accelerating. If we say an object is in equilibrium, we are implying
both ΣF=0 (the object is in translational equilibrium) and ΣΤ=0 (the
object is in rotational equilibrium). This second condition allows us
to solve many more problems than possible with only ΣF=0. Since ΣF=0
broke down into ΣFx=0 and ΣFy=0, we had two equations to work with,
thus we could solve for two unknowns. Now, ΣΤ=0 gives us another
equation, allowing us to solve for three unknowns. This condition
also allows us to solve many problems more easily than in the past.
If we consider ΣΤ=0, we might ask, around what pivot does this apply?
The answer is around any and all pivot points. Since the choice of a
pivot point is entirely optional, a judicious choice can make the
problem much easier by eliminating forces that are of no concern to us
in a particular problem. Doing a few examples will make this much
clearer.
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Example 7.5.7
Consider the see-saw below. What force is necessary to balance the see-saw by pressing
down at a point 1.4 m to the right of the center? What is the normal force on the see-saw
from the support? (assume the see-saw is massless)

What this example points out is that there are problems that are
easily done with torques that are actually impossible to do with
forces alone (notice that there were two unknowns and only one
equation available, since there were no x-components).
Example 7.5.8
Suppose we had a 15 kg mass (m) resting on a uniform plank of mass = 10 kg as shown.
What would each scale read?
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Example 7.5.9
What is the minimum amount of tension that the wire in the set-up below should be able to
withstand? The bar weighs 20 N (with the center of mass 0.7 m from the wall) and the
sign weighs 60 N.

Doing the last example shows us that often there are forces in a
problem that appear to be hidden (consider the forces from the wall).
When these situations arise, it is often helpful to imagine what would
happen if the object causing the forces was not present. In this
case, the bar would fall and swing to the left. Therefore, the wall
must be exerting a force up and to the right. Using this type of
logic will help you to identify all the forces in a problem. It also
shows us that there are problems, of which this was one, which could
not be solved by using Newton's Second Law alone. A judicious
placement of the pivot point eliminates those pesky forces and makes
the problem relatively easy.
Torques, and rotational equilibrium, have many applications in
the human body. Consider the following, rough approximation of the
bones and muscles in your leg.
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Example 7.5.10
Below is a schematic diagram of the bones in persons foot. Calculate the force that the
calf muscle must exert so that the person can stand on tip-toes (when the entire weight of
the person is balanced on point P). Assume a 60 kg person.

Ladder Problems
Torque problems come in many different forms, but one form in
particular tends to be a little tricky. This is the ladder type
problem. Consider all the forces acting on a ladder as it rests
against a wall and a person climbs up the ladder.
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In this case, there are six forces that need to be considered. The
normal forces and the friction forces would generally be unknowns, and
so that would leave us with four unknowns. However, as mentioned
earlier, we only have three equations at our disposal - sum of the
forces in the x direction, sum of the forces in the y direction, and
sum of the torques about a pivot point. That means that this problem
would be “indeterminate” or unsolvable. This means that when you
encounter ladder problems in a first year physics class, there will
generally be one of these forces missing in order for you to solve the
problem. The only force that can reasonably assumed to be missing is
the friction from the wall, because a ladder wouldn’t work without any
of the other forces. Often the problem will be presented as “a ladder
is placed against a slick, frictionless wall.” Let us try a ladder
problem here and in the practice problems to get used to working with
these forces.

Example 7.5.11
A 6 m long, 13 kg uniform ladder is placed against a slick, frictionless wall, making an
angle of 60 degrees to the ground. A 60 kg person climbs 4 m up the ladder. What are the
forces on the ladder from the ground and from the wall?
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Practice Problems
Example 7.5.12
Calculate the sum of the torques around pivot point A on the object below.

Example 7.5.13
A 1250 kg car is loaded in such a way that its center of mass is 0.8 m from the physical
center of the car, closer to the front wheels. Assuming that both front wheels carry the
same weight, and both back wheels carry the same weight, how much (in percentage)
higher is the weight carried by the front wheels comparted to the back wheels? Assuming
that the pressure in all the tires is the same (35 lbs/in2), what is the surface area of each
tire that is in contact with the ground? The distance between the front and rear tires is 2.6
m.
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Example 7.5.14
The diagram below shows a bar and a weight attached to a wall by a hinge and wire. If the
beam is uniform, with a mass of 10 kg, find the tension in the wire and the horizontal and
vertical forces of the wall on the hinge.

Example 7.5.15
A uniform brick (2 kg) is placed on solid support as shown below. To hold the brick
perfectly horizontal, a spring (k = 1200 N/m) is attached and stretches as shown. What is
the unstretched length of the spring and what is the normal force provided by the support?

LetsLearnPhysics

-

Chapter 7 -

Page 33

Example 7.5.16
The setup below consists of a 10 kg, 2 m long uniform bar attached firmly to the wall and
supported by the wire shown. A 20 kg mass is placed on the bar and slid across the bar
from left to right. If the wire can only withstand 236 N of force, at what distance will the
wire break?

7.5.17
A 3 m long, 50 kg board rests on two supports, one located 30 cm from the left edge, and
the other located 1 m from the right edge. A 70 kg man begins walking from left to right
along the board. At what point will the board tip?

7.5.18
A 23 kg, 8 m long ladder rests against a slick, frictionless wall, forming an angle of 70
degrees with the ground. A 65 kg person begins climbing the ladder. If the ground has a
coefficient of starting friction of 0.5, will the ladder slip before the person reaches the top?
If so, at what distance along the ladder will the person be when it slips?
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Example 7.5.19
A pirate is being made to walk the plank for not saying “Aaarrgh” properly. The plank is
resting on a box and a barrel, and it is nailed to the barrel as shown in the diagram below.
The nail can withstand 4000 N of force before popping out, and the barrel can withstand
2000 N of force before breaking. The plank is 2 m long and the pirate has a mass of 60
kg. Will he make it to the end of the plank? If not, explain exactly what will happen and
how far he will make it along the plank.

Applications of Torques
While we now know how to solve problems using torques, before we
move on to something else, we should take a few minutes to discuss the
many practical applications of torques. In fact, once you understand
torques, you can see them in use all around us. The idea of a torque
is one of the most practical and useful ideas in a first year physics
class.
The most obvious first application of torques would be a lever.
A lever is a simple machine that can convert your own force to a much
great force. Consider the very simple lever below:

On this lever, if you placed a 100 N object at point A, you could
balance it with only 33.3 N of force placed at point B. The lever is,
in effect, magnifying your force 3 times. Since, of course, you can’t
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get something for nothing, the lever also diminished the distance over
which the force acts. Notice that if you used this lever, you would
have to push point B down three times as much as point A would rise
up. Thus the lever follows the conservation of energy, since energy
is work which equals force times distance. The work on both sides of
the lever is equal. When we discuss levers, there are a number of
terms that are used:
Fulcrum: the fixed point about which the lever rotates.
Effort Arm: the distance from the fulcrum to the effort force
Resistance Arm: the distance from the fulcrum to the object being
lifted.
Mechanical Advantage: the number of times the lever magnifies your
force.
Ideal Mechanical Advantage: the number of times the lever should
magnify your effort force
Actual Mechanical Advantage: the number of times the lever actually
does magnify your force.
On a lever, the IMA (Ideal Mechanical Advantage) is calculated by
dividing the Effort Arm length by the Resistance Arm length
IMA = Effort Arm/Resistance Arm (no units - a pure number)
The AMA (Actual Mechanical Advantage) is found by dividing the weight
of the object being lifted by your effort force.
AMA = Resistance Force/Effort Force
Levers are also divided in “classes,” such as first, second, and third
class levers. Each class is defined by the relationship of the
effort, resistance and the fulcrum.
First Class Levers have the fulcrum in between the effort and the
resistance, as in the examples below:
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Notice that both of these are first class levers, but in the first
situation, the effort arm of the lever is longer than the resistance
arm and in the second situation, the opposite occurs. This would mean
that in the first lever, the force is increased (since the IMA is
greater than one) and in the second, the force is decreased (the IMA
is less than one). It is actually harder to lift an object using the
second lever than it is to pick up the object directly. The natural
question then becomes: Why would you ever want to use a lever that
makes it harder to move something? The answer lies in the
conservation of energy. Although it makes it harder to move an
object, the energy must be conserved and thus the distance increases.
On a lever with an IMA less than one, it will reduce your force and
increase your distance. Besides increasing distance, it also
increases speed.
Second Class Levers have the resistance in between the fulcrum and the
effort.

In a second
class
lever, since
the
resistance arm
is always
less than the effort arm, the IMA will always be greater than one.
The means that on any second class lever, the force will always be
multiplied and the distance and speed will always be decreased.
Examples of second class levers include: wheel barrels, nut crackers,
and bottle openers.
By process of elimination, the third class lever would then have the
effort force in the middle of the lever, as shown below.
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This means that third class levers will always have a mechanical
advantage of less than one. They will always decrease the effort, but
increase the speed and distance. A broom can be considered a third
class lever. Third class levers also find their way into human
anatomy on a regular basis. Consider how your forearm works as a
lever and how it is constructed. You muscle pulls up on the bone from
a point in between the elbow (fulcrum) and the resistance force (the
object you are holding). Although we lose strength from this set up,
we gain mobility (distance) and speed.
Beside levers, torques are also used in a variety of other
applications.
Consider a door knob - where is it usually positioned? If you
consider that to rotate (open) a door, a torque is required, then it
makes sense that to maximize the torque you would want to maximize the
distance from the force to the axis of rotation. This is why door
knobs are usually positioned at the far end of the door instead of in
the middle of the door. There are, of course, other practical
considerations at work here - such as the fact that a door knob in the
middle of a door would be awkward!
Two other interesting examples of torques arise when discussing
hand tools, namely a wrench and a screwdriver. If you consider how a
wrench works, there are two torques which act on it during operation.
One is the torque from your hand, and the other is the torque caused
by the resistance of the bolt. This second torque is harder to
identify and in fact is usually two or more torques, depending on the
shape of the bolt and the wrench. Consider the diagram below:

Notice that in this situation, the distance from the pivot to your
hand is much greater than the distance from the pivot to the forces
caused by the bolt. If the torques are equal, this means that with a
very small force from your hand, you can produce a great force on the
bolt. It will also show you that a longer handle will give you
greater turning power. In fact, if the handle is long enough, and the
bolt is stuck, it is possible to completely shear or break the bolt
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when trying to remove it. Another point can be made, and that is that
in the diagram above, the bolt is not seated all the way into the
wrench. Wrenches are often made to fit bolts exactly. This would
allow for two more surfaces to be in contact and would allow for a
total of four forces to act on the bolt.
A final comment should be made before we move to our next
example. In any type of precision engineering application (automobile
manufacture, machine construction, almost anything that has to be put
together) it is important to know the torque rating of the parts being
assembled. Each material has a different amount of torque it can
withstand for a certain size. For example, a steel bolt that is 0.25
inches thick can only be torqued to a certain value before it will
break. In order to be sure it is fastened tight enough to hold in a
given situation, but not overly torqued, a special torque wrench is
used. The newer ones have a digital read out, but the older ones used
a mechanical gague on the side. As you push the bolt, the reading
tells you the amount of torque you are applying. In automatic tools,
like an air wrench, the device can be set to stop automatically when
it reaches a certain torque. For example, when you visit a tire shop,
the air wrenches are set to tighten the bolts to (hopefully) the
correct torque and then stop. The torque required would depend on
many factors (materials, type of car, number of lug nuts, etc) but
might be around 100 ft.lbs.
The last good, conceptual example of torques to discuss is a
screwdriver. There are two ways to use a screwdriver, the right way
and the wrong way. Although screwdrivers are often used as levers to
pry things (like opening a paint car), that is really not something
that they should be used for. See diagram below.

Although this makes for a very efficient lever (notice how much longer
the effort arm is compared to the resistance arm), screwdrivers are
not constructed to handle these type of forces. The danger in this
situation is that the tip of the screwdriver can actually shatter in
this process, which could send metal shards flying and injure someone
(the user or a bystander). Although it doesn’t happen frequently, it
is something worth considering.
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The proper way to use a screwdriver, of course, is to loosen or
tighten a screw. Consider where the torques are operating in this
situation. You give a torque around the handle with your hand, and
the screw resists and gives a torque around the edges of the tip of
the screwdriver. This is hard to illustrate, but is attempted in the
diagram below.

In this situation above, you can see that since the screw head is much
smaller in diameter than the handle, the force becomes much greater.
A Phillips Head screw (with a cross shaped opening) works in the same
manner, but since it gives 4 points for the forces to act, it can
spread the torque more evenly.
There are a few “trick” questions that are sometimes asked
regarding tools and torques. Consider the following:
1.)
2.)
3.)

4.)

Which is easier to use when using a screwdriver as a lever (which
you shouldn’t be doing), a longer screwdriver or one with a
thicker handle?
Which is easier to use when using a screwdriver in the proper
manner, a longer screwdriver or one with a thicker handle?
Consider two screws made of the same material, one is a Philips
Head and one is a flat head. The screws are pictured below.
Assume that both are exactly the same diameter. The material is
relatively soft, and too much force will distort the material and
ruin the screw. Which screw is a better choice?

When you go to loosen a bolt, you use a wrench and then decide to
attache a rope to the end of the wrench and try two different
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methods of pulling. The three scenarios are shown below (the
rope is the a constant length, and you pull with the same force
in all three scenarios). Label them in order of efficiency for
loosening the bolt.

Answers:
1.)

The longer screwdriver will give you a greater lever arm and thus
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2.)
3.)
4.)

more torque.
The thicker handle gives more torque, the length of the
screwdriver does not matter.
The flat head screw is a better choice, since it has a longer
torque arm, giving you the same torque with less force on the
material.
Arrangements A and B are tied, with C coming in last. The rope
in B does not affect the torque, since it does not change the
perpendicular distance at all. In C, since it is now at an
angle, the perpendicular distance is reduced.

7.6 - Newton’s Second Law in Angular Form
Now that we understand torques, and can use them to solve
equilibrium problems, the next question that comes to mind is, “What
about non-equilibrium situations?” The answer is simple: in nonequilibrium situations with forces we used Newton’s Second Law (F =
ma), and therefore we just translate that law into angular form. We
know how to do that, since we have a matching angular variable for
each and every variable in the equation. Instead of forces we use
torques, instead of mass we use moment of inertia, and instead of
acceleration we use angular acceleration. Thus, Newton’s Second Law
in angular form reads:
GT = Iα
Or, the sum of the torques equals moment of inertia times the angular
acceleration.
Before we jump right into problems, let us consider this for a
moment. We previously learned that forces cause acceleration. We
also learned that if the forces were balanced (GF = 0), then the
object did not accelerate and was in equilibrium. Forces do not cause
motion, they cause changes in motion. What this new format is telling
us is that Torques cause angular acceleration. If they are balanced,
then the object does not angularly accelerate, and is in angular
equilibrium. Torques don’t cause rotation, they cause an object to
change its rotation.
If you think way back to the time when we introduced equilibrium,
we said that F = ma had a special name: The First Condition of
Equilibrium (Translational Equilibrium_. Now we have T = Iα, which is
the Second Condition of Equilibrium (Rotational Equilibrium). Objects
can be in one or the other or both. For example, if we say:
An object is in equilibrium. We mean that the object is in both
translational equilibrium and rotational equilibrium. GF = 0 and GT =
0. The object is neither accelerating nor angularly accelerating.
An object is in rotational equilibrium but not translational
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equilibrium. We mean that the object has GF = ma, and GT = 0. The
object is not changing its rotation, but it is accelerating in some
direction.
An object is in translational equilibrium but not rotational
equilibrium. We mean that the object has GF = 0, and GT = Iα. The
object is not accelerating anywhere, but it is changing its rotation.
All of the above makes perfect sense, and just as in equilibrium
problems, this new equation gives us one more tool to use to solve
problems. The easiest way to learn this is simply to jump in and do
some problems.

Example 7.6.1
A large bicycle wheel (considered a hoop) with a mass of 4 kg and a radius of 30 cm is set
in rotation from rest with a force of 4 N applied to its edge. What is the final angular
velocity of the wheel at the end of 3 seconds?

Example 7.6.2
Consider a pulley made up of a disk with mass = 2 kg and a radius of 15 cm. If a string is
wrapped around the disk and the other end is attached to a 4 kg mass, what is the a.)
angular acceleration of the disk? b.) the acceleration of the block and c.) the tension in the
cord?
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Example 7.6.3
The object shown below is a cylindrical rod, with the following characteristics: Length = 1
m, radius = 5 cm, mass = 2 kg. The forces below act on the object, and force 4 is
unknown. If the object is in translational equilibrium but not rotational equilibrium, find the
value of force 4 and the angular acceleration of the rod around the central pivot point.

As you may have noticed with the second example, very often these
problems can be solved in multiple ways (the second example could also
be done with energy). This is just like force problems we did
previously, when there were many ways to get to the correct answer.
However, there are also a few problems (like the last one) that can
only be done with GT = Iα, so it is important for you to understand
how to use the concept.

Practice Problems

Example 7.6.4
A ball (mass = 1.4 kg, radius = 15 cm, considered to be hollow sphere) is kicked by a child
on the playground. The child’s foot contact that ball 0.2 sec at the very edge (tangentially)
with a force of 30 N. Assuming this is the only force of consequence on the ball, what is
the a.) angular velocity and b.) the linear velocity of the ball after the kick?
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Example 7.6.5
A sphere and a disk are made into toy tops by placing a nail through their centers, as
shown below. A 1 m cord is wrapped around each object’s diameter, and pulled with a
force of 6 N. After the cord is released, what is the angular velocity of each top?

Example 7.6.6
A uniform, rectangular object shown below has a moment of inertia of 25 kg.m2, mass of 5
kg, length of 5 m, and width of 1.8 m. It is acted on by four forces. Three of the forces are
shown below and the fourth acts on the upper right hand corner. The object is in rotational
equilibrium but not translational equilibrium. Find the linear acceleration of the object and
the direction and magnitude of the fourth force.
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Example 7.6.7
A large device, pictured below, is used to raise an anchor on a ship. It is constructed of a
large disk which is turned by pushing on the handles. As it turns, it wraps the anchor chain
around a small axle (assume the axle is light enough not to contribute significantly to the
overall moment of inertia). What force (assumed constant) is needed to raise the anchor
100 m in 45 seconds?

7.7 Angular Momentum
As we have progressed through this chapter, a pattern has
developed. We began by taking a “regular” concept, namely mass, and
then developing a rotational concept that was analogous, moment of
inertia. We then moved on to taking another regular concept, kinetic
energy, and developing another rotation concept, rotational kinetic
energy. In the last chapter, we did the same thing for forces, giving
us torques. The last regular topic that we need to translate to
rotation is momentum.
Momentum, you will recall, is normally defined as:
p = mv
Angular momentum will be defined in a very similar fashion, and is
normally abbreviated with a lower case or capital “L”
L = r x p (definition of angular momentum)
You will notice that just like torques, angular momentum is a cross
product, meaning that two vectors are multiplied together to produce a
new vector. Just like torques, this new vector will point
perpendicular to the plane of rotation (or orbital motion).
However, in a first year physics class, we don’t normally need to
bother ourselves with the cross product when dealing with angular
LetsLearnPhysics

-

Chapter 7 -

Page 46

momentum. We can simplify things by looking at angular momentum for
two different cases: an orbiting particle (or system of particles) and
a rotating, rigid object (or combination of objects).
Angular Momentum of an Orbiting Object
If the object in question can be considered a point mass moving
around a pivot point (we have used this distinction before, but repeat
it here as a reminder), then we can use a simplified version of
angular momentum. The restrictions are that the object must be small
compared to the distance from pivot point (so that the object can be
considered to be a point mass) and it must be moving about a pivot
point outside of the object itself (orbiting, not rotating). Notice
that we said “moving” in the sentence above, not orbiting. This
definition will work even if the object is moving in a non-circular
path. For this situation, angular momentum becomes:
L = (mv)r
or simply the regular momentum times the radius. The direction can be
given in just the same manner as we gave the direction of torques positive if the object is moving counterclockwise, and negative if the
object is moving clockwise. Also notice that the units are kg.m2/s or
regular momentum units times a distance.
Example 7.7.1
Find the angular momentum of the earth orbiting the sun.

Example 7.7.2
A person drops a 2 kg rock into a deep well. A second person is standing on the other
side of the well, 3 m away from the first person. Write an equation that will give the
angular momentum of the rock as a function of time according to the observer.

This same equation can be expanded to multiple objects, since angular
momentum is additive. Just remember that angular momentum has a
direction when you add the items together.
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Example 7.7.3
Find the angular momentum of the earth-moon system as it orbits the sun during a solar
eclipse (moon directly in between the sun and earth). Note: as seen from above the north
pole, both the earth’s orbit around the sun and the moon’s orbit around the earth are
counterclockwise.

Angular Momentum of a Rigid Object
While the above definition of angular momentum works fine for a
particle, it will also work for rigid object, but it is harder to
apply. In the special case of a rigid body (stays the same shape all
the time) that is rotating about a fixed axis, we end up with the
following:
L = Iω
The angular momentum, we see, is exactly analogous to regular
momentum. Regular momentum is mass times velocity, and angular
momentum is angular mass times angular velocity. One word of warning
is called for with this equation: the angular momentum and the moment
of inertia are both based on an given axis. For this equation to
work, the axes must be the same and the angular velocity must be
relative to that same axis as well.

Example 7.7.4
Find the angular momentum of the earth as it rotates about its axis. Find the angular
momentum of the earth-moon system about the same axis.

Example 7.7.5
A pendulum is created by welding a cylindrical bar (radius = 0.3 cm, length = 20 cm, mass
= 100 g, to a metal disk (radius = 3 cm, thickness = 1 cm, mass = 500 g) and set in motion
by pulling the center of the disk 5 cm above the equilibrium point and then releasing it.
What is the angular momentum of the system as it passes the lowest point of its swing?

Conservation of Angular Momentum
Of course, the importance of angular momentum does not lie in the
ability to simply calculate it, but rather in its uses for solving
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problems. Just like regular momentum, angular momentum is a conserved
quantity (in certain situations) and therefore the problems are
essentially divided into two categories: times when angular momentum
is conserved and times when it is not.
To put it briefly, angular momentum is conserved whenever there
are no external torques on a system. Once again, this is completely
analogous to regular momentum which was conserved whenever there were
no external forces on a system. What this means is that in any system
with no external torques, the total angular momentum must remain the
same. If the system consists of only one object, then that object’s
angular momentum cannot change. If it consists of two or more
objects, then if one of the objects changes its angular momentum, the
other must change to compensate.
Angular momentum is a bit trickier than regular momentum, because
it involves not only mass and velocity, but also radius (or, in the
case of a rigid object, moment of inertia and angular velocity). This
means that even if the angular momentum stays the same, you could have
changes in the velocity if the radius changes. Perhaps the best way
to investigate all of the different aspects of angular momentum would
be to look at a number of conceptual examples.
Example 7.7.7
We know that a planet’s orbit is generally elliptical and that its speed changes as it orbits.
How does the conservation of angular momentum explain this?

Example 7.7.8
On the apparatus below, imagine the weight on the bottom is greater than what is needed
to provide the centripetal force to keep the ball in orbit. We know then that the weight will
fall. Is angular momentum conserved? How does this result manifest itself?

This last example is a perfect demonstration of a situation where
there is an outside force on the object, but not an outside torque.
The increased tension on the ball is caused by gravity, but since the
force is directed through the rod, it points towards the pivot point
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and thus creates no torque. Another way of saying this is that the
ball has a force in the r-direction, but not the θ direction, thus it
still conserves angular momentum.

Example 7.7.9
You may have seen ice skaters pull in their arms and increase their rotational speed. How
is this explained using the conservation of angular momentum?

Example 7.7.10
Explain how the spin of a frisbee helps keep it stable.

Another good example is the spiral on a football. When a
football is thrown, it is not simply tossed, it is spun. This gives
it angular momentum. If no outside torques act on it, that angular
momentum must remain the same. This keeps the ball steady and facing
the same direction (see diagram below).

Notice how in the diagram, the arrow representing the direction of the
balls orientation (not motion) remains the same even though it is
moved around. Recall that two vectors that point the same direction
are the same regardless of their starting points. This means the
orientation, the spin and the angular momentum are all in the same
direction all the time.

Example 7.7.11
Why is it so much easier to balance on a bicycle while it is moving compared to standing
still?
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Example 7.7.12
Why does the front end of your car rise slightly when you step on the gas?

Example 7.7.13
Dragsters are race cars designed to take off from a dead stop very quickly and finish a
quarter mile in as little time as possible. They have very large back tires and are often
very long (see diagram). Why are they designed this way? Why is the engine positioned
so far towards the front?

Example 7.7.14
Helicopters have one large blade and then a smaller, sideways blade on the back. What is
the purpose of the smaller blade? What, exactly, would happen if the smaller blade
stopped working during flight?

Example 7.7.15
If an astronaut tried to use an electric screwdriver is space, what would happen?
These conceptual examples should have given you a good idea about how
the conservation of angular momentum works. However, just as a
reminder, you need to remember that the conservation of momentum only
works when there are no outside torques on an object. Let us move on
and try some numerical examples.
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Practice Problems
Example 7.7.16
Two wheels, assumed to be uniform disks, are arranged as shown. The top disk is
spinning at 20 rad/sec and the bottom disk is still. The top wheel is dropped onto the
bottom wheel and sticks tight, without slipping How fast is the combination moving after
this occurs?

Example 7.7.17
A disk (shown below) rotates at 10 rad/sec when a dense glob of clay is splattered on the
top edge. If the clay has a mass of 0.5 kg, what is the final angular velocity of the set-up?
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Example 7.7.18
At the present time, our sun has a mass of 1.98x1030 kg, a radius of 6.95x108 m, and a
rotational speed of approximately 2000 m/s. As the sun ages, it will grow to a red giant
with a radius of 1.4x1012 m, and only 72% of its original mass, and then will shrink to a
white dwarf with only 54% of its original mass, and a radius of on the order of 106 m. What
will be the rotational speeds of the sun during these two phases?
Note: These numbers are approximate, and since the sun is not a solid object, it actually
rotates at different speeds at different latitudes, the numbers given are for the equator.

Example 7.7.19
A large sphere, made of clay, is placed on an axis and allowed to rotate freely without
friction (the axis points into and out of the page). The sphere is 6 kg and has a radius of
12 cm. A 200 g bullet is fired from an air gun at 200 m/s and enters the sphere in the
manner shown below (situation A) and sticks. What is the final speed of the sphere?
What would the final speed be if it entered as shown in situation B.
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Example 7.7.20
A thin, cylindrical rod (diameter 1 cm, length 30 cm, mass = 200 g) is suspended by one
end and allowed to swing freely as a pendulum. It is pulled 10 cm back and released as
shown. At the lowest point, it strikes a 75 g ball of clay which sticks to the rod. How high
above the low point does the rod now rise?

Situations When Angular Momentum is Not Conserved
The primary use of angular momentum (especially in a first year
physics class) is to solve conservation of angular momentum problems.
However, angular momentum can also be used when there is a torque on a
system. In that case, it usually means involving calculus. For a
system with an external torque:
GText = dL/dt
Or the external torques on a system equal the time rate of change of
angular momentum. Notice how this is similar to the same equation
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that we had for impulse in a previous chapter.
FΔt = Δp
In that case, the left side was called the impulse. Torques do not
have a similar equation, although we could create one:
TΔt = ΔL
provided that the change was an average, or a constant.
is not usually done. We usually stay with

However, this

GText = dL/dt
Which means that the total torques equal the time rate of change of
the angular momentum. Since this is rarely used in a basic physics
class, we will limit our examples to two simple cases.
Example 7.7.21
A sphere (mass = 3 kg, radius = 20 cm) is wrapped around its diameter with a string and
placed on an axis so that it can rotate freely. The string is then pulled with a force of 12 N
until it completely leaves the sphere after 4 seconds. What is the final angular momentum
of the sphere after this time?

Example 7.7.21
The large, front cylinder-like wheel of a steam roller has a radius of 0.75 m, mass of 2000
kg, and length of 3 m. It starts from rest and the steam roller reaches a velocity of 1 m/s in
3 seconds. If the front wheel was powered by a motor applying a torque at 0.25 cm from
the center, what force was applied by the motor?
Precession
Precession is a strange behavior that some spinning objects
exhibit that is related to angular momentum. If you have ever
released a top, spinning at a high rate of speed, you have noticed
precession. Once you release the top, it not only continues to spin,
but will start revolving in such a manner that its axis creates a cone
shape (see diagram). In fact, it is nearly impossible to spin a top
and have it stay perfectly upright. Every time you release it, it
will dip sightly and start precessing.
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The earth also precesses slowly, causing the north pole to slowly
move in a circle relative to the stars.

Objects only exhibit true precession if they are spinning rapidly
(compared to other factors, like their weight). Precession occurs
because gravity produces a torque on the object. Consider the example
of a top. If the top was placed perfectly, the vector of the weight
would point straight down through the axis and the sum of the torques
on the object would be zero. However, if the top is not perfect, the
weight will pull straight down (which will not be through the axis)
and thus create a torque on the top. If there is a torque, then
angular momentum is not conserved. If the top is spinning rapidly, it
has a high angular momentum, and as we have learned, it will try to
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keep its orientation. One way to allow the angular momentum to change
slightly while still keeping its high value would be to change the
direction of the angular momentum. To do so would require it to
constantly be moving (remember that a vector moving in a circle is
constantly changing). Another way to see this would be as follows:
gravity creates a torque which has a component parallel and
perpendicular to the angular momentum. The perpendicular part cause
the angular momentum to change in that direction. As we have learned,
when a vector is perpendicular to another vector, it will end up
changing the direction of the first. Thus the object precesses. By
moving its axis around slightly, it can counteract the torque caused
by gravity. Another example of this is a gyroscope. If you release a
fast spinning gyroscope while it is positioned sideways, it will start
to spin (precess) instead of falling straight down.

In a first year physics course, precession is generally discussed, but
since it is a complicated phenomena, very often students get lost in
the details. However, physics teachers like precession, so it is
important to know some basics. The main formula regarding precession
is used to calculate the precession rate:
Ω = Mgr/Iω
Where M is the mass of the object, r is the radius of the precession
(which is also the torque arm for the gravity vector), I is the moment
of inertia, and ω is the angular velocity of the spinning object. Ω
is the angular velocity of the precession.
Example 7.7.22
A top spins at an angle of 20 degrees from the vertical, with a moment of inertia of 0.3
kg.m2, mass of 300 g, and a center of mass that is 5 cm up from the pivot. It is spinning at
34 rev/s. How long does it take to precess around a full circle?
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Homework Assignments
Homework 7.2-7.3: Review and Moment of Inertia
1.)

A disk, of radius 20 cm is angularly accelerated at 4 rad/s2 for
10 seconds. At the end of that time period,
a.) What is the angular velocity of the disk?
b.) Through what angle has the disk rotated?
Considering a point on the edge of the disk,
c.) Through what distance has it traveled?
d.) What is the point’s tangential velocity?
e.) What is the point’s tangential acceleration?
f.) What is the point’s centripetal acceleration?

2.)

A cat grabs the end of a toilet paper roll and runs out of the
bathroom and down a hallway. The cat accelerates from rest at
2.5 m/s2 for one second and then maintains a constant velocity
for the remainder of the 6 m journey. The toilet paper roll has
a radius of 4 cm, and it is assumed that the paper leaving the
roll does not substantially change that radius. What is the
angular velocity of the roll at the end of the cat’s journey?
Through how many radians has the roll turned?

3.)

A disk, mass = 2 kg, radius of 40 cm, is shown below. Find the
moment of inertia for the disk through each of the three axes
shown.
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4.)

Consider a wheel constructed of a solid disk in the center
(radius = 2.5 cm, mass = 300 g), four spokes in the shape of
cylinders (radius = 1 cm, mass = 75 g, length = 30 cm), and a
tire that is like a hoop (average radius = 35 cm, mass = 900 g).
Find the following quantities:
a.)
b.)
c.)
d.)

Moment of inertia
Percent of moment
Percent of moment
Percent of moment

of
of
of
of

the overall
inertia due
inertia due
inertia due

wheel.
to the center disk.
to the spokes.
to the wheel.

5.)

A bar-bell, as shown below, is constructed of a 4 kg rod (length
= 2 m, diameter = 4 cm) with metal discs (mass = 10 kg, thickness
= 3 cm, diameter = 20 cm)attached to each end. What is the
moment of inertia through each of the axes shown?

6.)

Determine a valid approximation for calculating the moment of
inertia of a human forearm. Explain each assumption.

Homework 7.4 - Kinetic Energy of Rotation
1.)

An empty tractor-trailer truck has a mass of 7000 kg and is
traveling down the road at 55 mph. It has 18 wheels, each with a
radius of 50 cm and a mass of 20 kg. Find the total kinetic
energy of the truck and determine what percentage of the energy
is in each of the categories (translational and rotational).

2.)

A sphere and a disk (both radius = 10 cm, mass = 2 kg) roll down
a 4 m long ramp that is angled at 20 degrees to the horizontal.
When they reach the bottom, what percentage of each object’s
kinetic energy is in rotational kinetic? Redo the calculations
with a ramp angle of 30 degrees.

3.)

A wheel (mass = 250 g, radius = 4 cm, consider it to be a hoop)
is held up in the air and spun by a child until it has an angular
velocity of 6 rad/s. He then places the wheel on the ground
where it begins rolling forward. If the average frictional force
on the wheel is 0.002 N, how far will it roll before coming to a
stop. Note: there are multiple ways to do this problem - please
use energy in your solution.
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4.)

A large disk (mass = 3 kg, radius = 15 cm) is attached to an axis
and free to rotate. A thin rope is wrapped around the disk’s
edge, passed over a pulley and attached to a 2 kg weight which is
then dropped and falls 10 m before hitting the ground (see
diagram). Find the final angular velocity of the wheel after the
weight has reached the ground.

5.)

A large space station is constructed as cylinder with a radius of
200 m, length of 1500 m, and mass of 550,000 kg. Small rockets
are placed on the outer edges of the station which will be used
to get the station spinning at 0.6 rad/sec. If the fuel in the
rockets has an energy content of 10,000 J/gallon and the
combustion process is 65% efficient, how many gallons of fuel are
required to get the station spinning?

6.)

A baseball (225 g, radius = 3.5 cm) is thrown at 90 mph without
spin, and the next pitch is thrown at the same speed with a spin
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of 2450 rpm. How much more energy (in percentage) is in the
spinning ball?
7.)

A DVD (radius = 12 cm, mass = 40 g) is spinning at 4000 rpm. If
the motor was 30% efficient, how much electrical energy was used
to get the disk spinning at this rate?

8.)

A ball is thrown up in the air with 60% of its energy in
rotational spinning. If it rises to 30 m and then returns to the
ground without its spin being significantly affected, how fast
was it spinning? (mass=3 kg, radius=5 cm)

9.)

A ball of mass 1.5 kg and radius of 10 cm is rolled up an incline
at a linear speed of 2 m/s. If the incline is at a 400 angle,
what distance up the incline does it travel? (no losses to
friction)

10.) If a pitch is thrown in a baseball game at 80 mph and spinning at
5000 rad/min, what is the kinetic energy of the ball (mass = 225
g, radius=3.5 cm)? If this could be turned into pure linear
kinetic energy, what would be the maximum range of the ball if
thrown? (ignore the height of the pitcher)

Homework 7.5: Torques and Rotational Equilibrium
1.)

Suppose you wished to raise your car using the lever shown below.
If the cars mass is 1500 kg, its distance to the pivot point is
0.75 m, and you can only exert a force of 700 N (average body
weight), how long should the lever be ? Disregard the weight of
the plank and assume the forces act at 90o to the lever. (T3*)

2.)

A 50 kg person stands on the end of a plank, supported as shown
below. What forces (magnitude and direction) do the two supports
exert on the plank (assumed massless)? (T11)

LetsLearnPhysics

-

Chapter 7 -

Page 62

3.)

On the traffic
light below, what
force must the
brace, positioned
at 450 to the upper
beam) exert on the
upper beam? (consider the beam to be massless and the light to
have a mass of 90 kg) (T6*)

4.)

Two people want to carry a 600 N object and share the load
equally. They will use a 6 m, 200 N iron bar. Where should the
second person hold the bar if the first person is at one end, 1.2
m from the object? See diagram. (T7*)

5.)

A person wishes to carry a 3 m bar that weighs 100 N perfectly
horizontal with a 500 N load on one end and a 300 N load on the
other. Where should he or she hold it ? (T8*)

6.)

Consider the following trap door:
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Suppose the door weighs 10 kg (the center of gravity is at the
center) and it is set up so that when a 70 kg person (walking
from right to left) lands at a point 0.5 m from the left edge,
the catch will break (not before). What maximum force should the
catch be able to sustain ? What is the force on each hinge at
the instant before the catch breaks ?(T2*)
7.)

Using the nutcracker shown below, how much force must you apply
at point B (on both sides) in order to crack the nut placed at
point A if the shell can withstand up to 70 N of force on both
sides (assume the nut acts back on the nutcracker at 900)? (T12)

8.)

A 20 kg sign is hung according to the diagram below. Determine
the tension in the cable and the horizontal and vertical forces
that the wall exerts on the rod. The rod weighs 25 N and is 0.75
m long. (T10)
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9.)

A piece of modern art is to be hung in a gallery as shown below.
The bar from which it hangs is 2 m long and weighs 100 N. The
artist insist that it be hung from one string connecting the bar
to the ceiling and that it must be balanced as shown or his
commentary on the angst of modern life will be ruined (he says as
he strokes his goatee). Exactly where on the bar must the shop
keeper position the string? Note: diagram should say sign weight
= 250 N.

10.) Below is a diagram of a crane. The boom (solid support) weighs
1000 N and is uniform. Find the tension in the cable. There is
no information missing. (T9)
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11.) A 5 m long, 10 kg ladder rests against a slick, frictionless wall
forming an angle of 80 degrees with the ground. An 80 kg person
begins to climb the ladder and when they reach 3 m along the
ladder from the ground, the ladder begins to slip (fortunately,
they had a friend helping below, and they managed to secure the
ladder in time to avert a catastrophe). What is the coefficient
of starting friction between the ladder and the ground?

Homework 7.6: Newton’s Second Law in Angular Form
1.)

Consider a disk of radius 15 cm and mass of 2 kg. What force
would have to be applied to its edge in order to get it to rotate
at 5 rev/sec from a dead stop in 4 sec?

2.)

The crazy arch-villain, Brainlessman, attempts to stop the earth
from rotating by attaching a huge rocket engine on the earth and
firing its thrusters against the rotation. If the rocket engine
has a thrust of 10 billion Newtons, how long would he have to
fire it in order to stop the earth from rotating?

3.)

Given that the mass of a baseball is 225 g and the radius is 3.5
cm, how much force does a pitcher put on the ball just to provide
the torque for a fast ball to spin at 4500 rad/min after contact
with his hand for only one tenth of a second? (assume the force
was constant)

4.)

A small model rocket engine is attached to the end of a 35 cm
metal rod that is secured by a pin on its other end so it is free
to rotate. When the engine is fired, the blast produces a force
of 12 N for 2 sec. What is the velocity of the engine after the
blast stops? If the system spins for 25 sec after the blast,
what was the average force of friction acting on the pivot?
Assume the friction acted on the edges of the pin at 0.5 cm from
the center. (the mass
of the rod is 400 g,
the mass of the engine
is negligible and the
moment of inertia of a
rod about an axis
through the end is
given by: I=(1/3)ML2)
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5.)

Consider the old method of grinding wheat by using a large,
horizontal, stone wheel and horses. If the wheel was 2000 kg and
had a radius of 1.3 m, what force would each of four horses have
to apply if they were attached at 1 m from the edge to get the
wheel to accelerate to 1 rad/sec in 20 sec? Consider friction to
be acting at r = 25 cm with a force of 3000 N. How much force
will the horses have to give to keep the wheel rotating at the
same speed?

6.)

The object below is a square with sides of 20 cm, mass of 2 kg,
and a moment of inertia of 22 kg.m2 (around an axis through it’s
center of mass coming out of the page). It is acted on by the
three forces shown as well as a fourth force positioned on the
upper left hand corner. The object is in translational
equilibrium, but not rotational equilibrium. Find the magnitude
and direction of the missing force, and the angular acceleration
of the object.

7.)

An arrow-shaped space ship (shown below) is in translational and
rotational equilibrium floating in a zero gravity environment.
The captain wants to rotate the ship 90 degrees clockwise in 20
seconds. The ship has a mass of 300,000 kg and a rotational
inertia of 900,000 kg.m2 and can be turned by using a set of
small, variable rocket engines located on the side points of the
arrow. The rocket engines can adjust their thrust and position
the thrust either forwards or reverse (forward is shown in
diagram). Explain exactly (including numbers!) what orders the
captain needs to give to complete this maneuver.
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Homework 7.7: Angular Momentum
1.)

A basketball, considered a hollow sphere with radius of 9.4
inches and a mass of 0.6 kg, is spinning on a student’s finger
with an angular velocity of 8 rad/sec. What is the angular
momentum of the basketball?

2.)

A fan blade (I = 4 kg.m2 r = 15 cm)is rotating at 95 rpm when a
lump of clay (mass = 100 g) is thrown and sticks to the blades.
Right after it sticks, but before the motor has a chance to add
extra power, what is the new speed of the rotating blade?

3.)

Consider an astronaut of mass 80 kg that is standing on the
outside of the cylindrical shell of a space station under
construction (using magnetic boots). If the station has a radius
of 20 m and a mass of 2000 kg and the astronaut attempts to run
at a speed of 1 m/sec, (a.) how fast will the shell turn in the
other direction and (b.) what will be the astronauts actual speed
relative to the stations surface? (consider the station to be a
hollow cylinder without ends)

4.)

One method of causing a space ship to rotate is by having a heavy
flywheel inside attached to a motor. When you want to rotate the
ship one direction, you simply run the motor in the opposite
direction and the ship will react by spinning the other way. If
the ship has a rotational mass of 40 kg.m2 and the flywheel has a
rotational mass of 0.006 kg.m2, how fast will the ship be
rotating if the flywheel spins at 3000 rev/min? How do you stop
this rotation?

5.)

Consider the setup below. Two magnetic balls of mass m and
radius r are positioned in the center of a spinning disk of mass
M and radius R with a thin iron rim around its edge that sticks
up over the face. While the disk and balls are spinning, a small
explosion sends the balls outward to the edges where they stick
to the rim. What is the ratio of the final angular velocity to
the initial angular velocity of the apparatus? Ignore any
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frictional considerations but do not count the radii of the balls
as negligible. (the moment of inertia of a sphere about an axis
on its edge is: I=(7/5)mr2).

6.)

Imagine a disk of mass 1.5 kg and radius of 20 cm with a channel
cut through its diameter is set in motion on a frictionless
surface with an angular velocity of 7 rad/sec. If a 150 g ball
with a radius of 1.5 cm is placed in the center of the disk, it
will naturally stay there and rotate. However, imagine that a
slight wind comes up and disturbs the ball. It will then shoot
down the channel and fly out then end. What would be the angular
velocity of the disk and the linear velocity of the ball after it
left the channel? (hint: use angular momentum first, then
conservation of energy)

7.)

Consider a pocket watch of the following construction: watch
body; 200 g, diameter of 3 cm, considered a solid disk for this
problem, the hands are thin rods, 1.0 cm long, radius 1 mm, mass
of 1.5 grams each, moment of inertia given by (1/3)ML2. If the
watch was placed on a frictionless surface, beginning with an
angular momentum of zero, how far would the watch body rotate in
one hour? In one day?

8.)

A bicycle wheel (mass = 0.75 kg, radius = 35 cm, considered to be
a hoop) is acted on by two torques. The first is friction which
is constant at 4 N at the rim, and the second is the force from
the pedal which acts on the gears and has a radius of 4 cm. If
the wheel goes from rest to 2 rad/sec in 4 seconds, what was the
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force given by the gear?
9.)

A gyroscope is constructed of a disk (r = 3 cm) and a negligibly
thin, 8 cm long rod stuck through the center. The gyroscope is
spun at a high rate of speed (800 rev/s) and is positioned so
that its axis is 20 degrees up from the horizontal. What is the
rate of procession? (No information is missing in this problem.)
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Activities and Labs
Activity 7.1 - Levers
In a previous exercise, we learned about the concept of
mechanical advantage of a pulley system. Another simple machine that
we should discuss is the lever. A lever uses the concepts of torques
to either multiply or reduce a given force ("Why would you want to
reduce a force?" you ask, well I leave it to you to answer that
question. Hint: observe the distances covered in this activity).
Levers are simply bars that are fixed to pivot at some point and by
lifting at one position, you can lift a weight at some other position.
The previous concept of actual mechanical advantage can carry
over from pulleys to levers without modification. Thus:
AMA = Weight of object lifted/effort needed to raise object
The IMA, however, poses difficulties.
hand and the weight when using a lever
Instead of measuring these, we measure
and the resistance arm. Below are the
Fulcrum:

The distances traveled by your
are actually arc of a circle.
what is called the effort arm
necessary definitions.

The fixed pivot point on a lever.

Effort Arm: The distance on a lever from the fulcrum to the
effort force.
Resistance Arm: The distance on a lever from the fulcrum to the
weight being lifted.
We then define the IMA of a lever to be found by:
IMA = Effort Arm/Resistance Arm
Please note that the arms of a lever are measured from the fulcrum to
the force. Students often mistakenly measure from one force to
another on some levers. I should also note two things before we
proceed. First, we assume that the forces will always be at 900 to
the lever, and secondly we are assuming that the formula above is
equivalent to the previous formula for IMA. An astute student should
be able to prove that both of these assumptions are valid (although
the first is not exactly valid, it is equivalent to calculating the
angles and factoring them in, as long as the weight and effort are
parallel).
Levers are usually classified into one of three categories;
first, second or third class. On a first class lever, the fulcrum is
in the middle, on a second class, the weight is in the middle and on a
third class, the effort is in the middle.
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A few examples in everyday life are listed below:
First Class: Car jacks, see saws.
Second Class: Wheel barrows, can openers.
Third Class: Brooms, elbow joints.
Before we begin, I should mention something else for the astute
student to consider. There is something special about the IMA of
second and third class levers (a little thought will give you the
answer).
Procedure:
1.) Construct a first class lever with an IMA of 1. Measure the
mass of the object and the effort force and determine the AMA.
2.) Repeat the above procedure for two more first class levers,
one with an IMA greater than one, and one with an IMA less than
one
3.) Repeat procedure for three second class levers with varying
IMAs.
4.) Repeat procedure for three third class levers with varying
IMAs.
Draw any general conclusions you can.
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AMA

Lab 7.1 - Shape Race
In this lab you will compare the theoretical calculations of how
long a shape should take to roll down an incline plane with how long
it actually does take to do so. You will roll a number of different
objects down the same incline and determine the time it takes for each
to reach the bottom. You will then calculate a percent error between
the theoretical and the actual time. From these percent errors, you
will attempt to recognize patterns.
Procedure:
Note: It is best to do this lab with as many different shapes and
sizes as possible.
1.)

Set up an incline plane and determine the length and angle of the
plane.

2.)

Take the first shape and roll it down the incline, while timing
how long it takes to reach the bottom. Record this time in the
data table.

3.)

Measure the mass, radius, and any other important characteristics
of the object and record them in the data table.

4.)

Calculate the time that the object should have taken to reach the
bottom, and calculate a percent error. Be sure to include you
equations in the theory section of the lab.

5.)

Repeat the procedure with as many shapes as possible.

6.)

From the information in the data table, try to form as many
conclusions as possible. For example: Are all the percent errors
consistent? Do larger radius spheres have higher percent errors?

Data:
Length of ramp:_____________________
Angle of ramp:______________________
Columns to include in data table: object shape, object radius, object
mass, other measurements, moment of inertia, theoretical time to roll
down ramp, actual time to roll down ramp, percent error

LetsLearnPhysics

-

Chapter 7 -

Page 74

Lab 7.2 - Second Condition of Equilibrium
In this lab you will construct three different set-ups, each in
equilibrium. After you have constructed them, you will evaluate the
sum of the torques around a pivot point and determine how far off of
the experimental value your theoretical value is for each trial.
Procedure (part I):
1.)

Construct the set-up shown in figure 1.

2.) Determine the angle between the torque bar and the string that
hangs from the top bar to point A.
3.)

Determine the mass of m, using a spring scale.

4.)

Determine the distance from m to pivot A.

5.)

Determine the distance from A to the string labeled T1.

6.)

Record the value of the scale and label it T1.

7.)

Using T1 as your unknown, evaluate the torques around pivot A.

8.) Add another mass (m2) to the bar (at some random position) and
repeat the procedure.
9.)

Compare T1 as measured experimentally to the theoretical value.

10.) Measure the mass of the bar (for a later calculation).
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Procedure (part II):
1.) Construct the set-up shown in figure 2. Be sure the torque bar
is horizontal, this might take some maneuvering.
2.)

Determine the mass of m, using a spring scale.

3.)

Determine the distance from m to A.

4.)

Determine the distance from A to B.

5.)

Determine the angle between the string and the bar.

6.)

Record the reading in the scale.

7.) Using appropriate pivot points, determine the tension in the
string, as well as the horizontal (H) and vertical (V) forces on the
bar at point A.
8.) Compare the tension in the string found experimentally to the
theoretical value.

Conclusions: In your conclusions, be sure to do a percent error
between the actual and the calculated values of your unknowns.
Comment on reasons for discrepancy. To attempt to determine your
discrepancy, evaluate the sum of the torques around point A in the
first set up with your measured value for the tension of the string.
It should be zero, but might come out to have some value. This should
give you a rough idea about the expected error. Why do we not
calculate a percent error for this value? Secondly, we have left off
the weight of our bar from our calculations. Redo this last exercise
and factor in the weight of the bar. Determine a percent error
between this and the first value for the sum of the torques.
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Lab 7.3 - Rotational Inertia
In this lab, you will use what is commonly (in physics, at least)
called an Atwood's machine. It is simply a large pulley with
different weights on each side. The pulley is large enough so that
you cannot ignore its rotational inertia when the weights move. In
essence, you are redoing the "Pulley" lab and factoring in the effects
of a massive pulley.
Procedure:
NOTE: This lab can also be done with a weight only on one side of the
pulley - in that case, the string can be wrapped around the pulley and
should be free to come off when it reaches the end.
1.) Set up the equipment as shown below, with 2 kg of mass on one
side and 1 kg on the other. Be sure to place books under the masses
to protect the floor and be sure the masses are securely fastened to
the string (you don't want 2 kg to fall and hit you on the head).
ALWAYS KEEP CLEAR OF THE AREA BELOW THE MASSES.

2.) Using a stopwatch, time how long it takes for the heavy mass to
move from the pulley to the ground. Remember all the warnings and
suggestions from the previous lab.
3.) Repeat the procedure with 4 times and determine an average time
for this set of masses.
4.) Repeat the procedure 3 more times with other combinations of
masses.
5.)

Be sure to measure the distance traveled by the heavy mass.

5.) Using your equations of motion, Newton's Second Law and your
knowledge of rotation, determine the moment of inertia for the pulley.
You should do this once for each set of masses using the averaged
time.
6.)

Measure the mass and radius of the pulley.
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Hints on Conclusions: How well do all of your different moments of
inertia agree? Which do you feel is the most accurate? Why? Compare
your moments of inertia against the theoretical for a disk and a hoop
(using percent error)? Which one is the pulley closer to? Why? We
know there is friction in the axis of the pulley. How would this
affect the measured moment of inertia? Keeping this in mind, which
was a better approximation, the disk of the hoop?
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